The local structure of half conformally flat gradient Ricci almost solitons is investigated, showing that they are locally conformally flat in a neighbourhood of any point where the gradient of the potential function is non-null. In opposition, if the gradient of the potential function is null, then the soliton is a steady traceless κ-Einstein soliton and is realized on the cotangent bundle of an affine surface.
Introduction
A triple (M, g, f ), where (M, g) is a pseudo-Riemannian manifold and f is a smooth function on M, is said to be a gradient Ricci soliton if the following equation is satisfied:
for some λ ∈ R, where ρ denotes the Ricci tensor and Hes f denotes the Hessian of f . The literature on gradient Ricci solitons is a vast one, we refer to [1] [2] [3] [4] [5] to cite just a few recent examples in the Riemannian category and to [6, 7] for recent work in the indefinite setting. The special significance of gradient Ricci solitons comes from the analysis of the fixed points of the Ricci flow: (∂/∂t)g(t) = −2ρ(t). Ricci flat metrics are genuine fixed points of the flow. Moreover, if (M, g 0 ) is Einstein with ρ 0 = (τ 0 /dimM)g 0 , then g(t) = (1 − 2t(τ 0 /dimM))g 0 , which shows that g 0 is a fixed point of the Ricci flow modulo homotheties. Generalizing this property, gradient Ricci solitons correspond to selfsimilar solutions of the Ricci flow. They are ancient solutions in the shrinking case (λ > 0), eternal solutions in the steady case (λ = 0) and immortal solutions in the expanding case (λ < 0). different kind is encoded: on the one hand information related to the curvature of (M, g) is given through the Ricci tensor; on the other hand, the level hypersurfaces of the potential function f are involved by means of their second fundamental form. As a result, two cases, which are different in nature, are consider separately. The first one corresponds to non-degenerate level hypersurfaces ( ∇f = 0), whereas the second one corresponds to degenerate level hypersurfaces ( ∇f = 0) and gives rise to the so-called isotropic solitons.
Our main result shows that any half conformally flat four-dimensional gradient Ricci almost soliton is locally conformally flat if ∇f = 0. However, the isotropic case ( ∇f = 0) allows the existence of strictly half conformally flat gradient Ricci almost solitons with non-constant λ, i.e. examples which are self-dual but not locally conformally flat. All of them are realized as the cotangent bundle of an affine surface equipped with a modified Riemannian extension. Moreover, they are steady traceless κ-Einstein solitons, i.e. they satisfy (1.2) with μ = 0 and κ = (1/dimM)(= 1 4 ). 
The potential function satisfies f = π * f for some smooth functionf on Σ and is related with the soliton function λ by λ = 3 2 Ce −f for a constant C. Moreover, T is given by T = Ce −f Id and Φ is given
It is worth emphasizing that theorem 1.1 not only gives the local structure of half-conformally flat gradient Ricci almost solitons, but it also provides an explicit construction method as pointed out in remarks 3.2 and 3.6.
The paper is organized as follows. Some basic consequences of the gradient Ricci almost soliton equation are discussed in §2a. Half conformal flatness is discussed at the purely algebraic level in §2b. Walker metrics and modified Riemannian extensions are introduced in §2c and used in §3 to prove theorem 1.1. The analysis of the non-isotropic case is carried out in §3a to prove theorem 1.1-(i), while the isotropic case is treated in §3b to prove theorem 1.1-(ii).
Preliminaries
Let (M, g) be a pseudo-Riemannian manifold of neutral signature with Levi-Civita connection ∇ and curvature tensor R(X,
. Let ρ and τ denote the Ricci tensor and the scalar curvature given by ρ(X, Y) = tr{Z → R(X, Z)Y} and τ = tr{Ric} respectively, where Ric denotes the Ricci operator defined by g(RicX, Y) = ρ(X, Y). Let Hes f denote the Hessian tensor defined by Hes (2) ∇ f + ∇τ = ∇λn, (3) ∇ f + Ric(∇f ) + 1 2 ∇τ = ∇λ, (4) ∇τ = 2Ric(∇f ) + 2(n − 1)∇λ,
for all vector fields X, Y, Z on M.
Let W be the Weyl conformal curvature tensor
and let C denote the Cotton tensor
Now, an immediate application of lemma 2.1-(4), (5) gives the following expression for the Weyl conformal tensor. 
(b) Half conformally flat structure of four-dimensional manifolds
We work at the purely algebraic level. Let (V, · , · ) be an inner-product vector space and let · , · be the induced inner product on the space of two-forms Λ 2 (V). For a given orientation vol V , the Hodge star operator * :
+ is the space of self-dual and Λ 2 − is the space of anti-self-dual two-forms. Moreover, a change of orientation on (V, · , · ) reverses the roles of Λ 2 + and Λ 2 − . Any algebraic curvature tensor R on (V, · , · ) (i.e. a (0, 4)-tensor on V satisfying the symmetries of the curvature tensor) can be naturally considered as an endomorphism R :
An algebraic curvature tensor R is said to be conformally flat if W = 0 and R is said to be half conformally flat if it is either self-dual (i.e. W − = 0) or anti-self-dual (i.e. W + = 0).
The following algebraic characterization of self-dual algebraic curvature tensors will be used in the proof of theorem 1.1. (ii) An algebraic curvature tensor R is self-dual if and only if for a positively oriented pseudoorthonormal basis {t, u, v, w} (i.e. the non-zero inner products are t, v = u, w = 1) and for every x, y ∈ V,
Proof. Let {e 1 , e 2 , e 3 , e 4 } be an orthonormal basis of (V, · , · ) such that vol V = e 1 ∧ e 2 ∧ e 3 ∧ e 4 . Then
w} is a positively oriented pseudo-orthonormal basis such that the only nonzero inner products are given by t, v = u, w = 1, then
is a positively oriented orthonormal basis and assertion (ii) follows from the previous case.
Now we move to the differentiable setting. Let (M, g) be a four-dimensional pseudo-Riemannian manifold. (M, g) is said to be half conformally flat if its curvature tensor is half conformally flat at each point. If (M, g) is Lorentzian then it is half conformally flat if and only if it is locally conformally flat. Hence we restrict our attention to the Riemannian and the neutral signature cases.
(c) Modified Riemannian extensions
A Walker manifold is a pseudo-Riemannian manifold (M, g) which has a null parallel distribution D, i.e. the restriction of the metric tensor to D is totally degenerate and D is invariant by parallel transport (∇D ⊂ D).
The existence of a null 2-plane induces an orientation on each tangent space T p M as follows. For any basis [31] . Thus, in Walker coordinates (x 1 , x 2 , x 1 , x 2 ) where the metric tensor is written as
for a ij functions on M [32] , the two-form dx 1 ∧ dx 2 in the null parallel distribution is self-dual. This fixes the orientation of the manifold and we take this to be the orientation of any Walker manifold throughout this work.
In this paper, we are interested in a particular family of Walker manifolds: modified Riemannian extensions. In order to introduce these manifolds next we briefly review some properties of cotangent bundles (see [33] and references therein).
Let Σ be a manifold and T * Σ its cotangent bundle. We express any pointp ∈ T * Σ as a pair p = (p, ω), with ω a one-form on T p Σ. Thus π : T * Σ → Σ defined by π (p, ω) = p is the natural projection. For any vector field X on Σ, we define ιX, the evaluation map of X, to be the smooth function on T * Σ given by ιX(p, ω) = ω(X p ). Vector fields on T * Σ are characterized by their action on evaluation maps. For a vector field X on Σ, its complete lift X C is the vector field on T * Σ defined by X C (ιZ) = ι[X, Z], for all vector fields Z on Σ. Tensor fields of type (0, s) on T * Σ are also determined by their action on complete lifts of vector fields on Σ.
Let (Σ, D) be a torsion-free affine manifold. Define the Riemannian extension of (Σ, D) to be the neutral signature metric g D defined on T * Σ and determined by g D (X C , Y C ) = −ι(D X Y + D Y X). In many situations, it is useful to consider a deformation of the Riemannian extension given by g D,Φ = g D + π * Φ, where Φ is a symmetric (0, 2)-tensor field on Σ. For any (1, 1)-tensor field T on Σ, its evaluation ιT is a one-form on T * Σ characterized by ιT(X C ) = ι(T(X)). If T and S are (1, 1)-tensors on Σ and Φ is a symmetric (0, 2)-tensor field on Σ, then the modified Riemannian extension is the metric on T * Σ given by
(2.1)
Local coordinates (x 1 , . . . , x n ) on Σ induce local coordinates (x 1 , . . . , x n , x 1 , . . . , x n ) on T * Σ so that g D,Φ,T,S expresses as
where D Γ k ij are the Christoffel symbols of the affine connection D, Φ = Φ ij dx i ⊗ dx j , T = T r i dx i ⊗ ∂ x r and S = S s j dx j ⊗ ∂ x s . Modified Riemannian extensions have been used in [34] to describe self-dual Walker manifolds as follows.
Theorem 2.4. A four-dimensional Walker metric is self-dual if and only if it is locally isometric to the cotangent bundle T * Σ of an affine surface (Σ, D), equipped with a metric tensor of the form
where X, T, D and Φ are a vector field, a (1, 1)-tensor field, a torsion-free affine connection and a symmetric (0, 2)-tensor field on Σ, respectively.
Half conformally flat gradient Ricci almost solitons
We analyse separately the isotropic and the non-isotropic cases to prove theorem 1.1.
(a) Non-isotropic case
First, we will consider non-isotropic half conformally flat gradient Ricci almost solitons (i.e. ∇f = 0). The fact that the level hypersurfaces of the potential function are non-degenerate hypersurfaces will be crucial to show that such a soliton is necessarily locally conformally flat. Since any Riemannian gradient Ricci almost soliton is non-isotropic, the following result shows that any Riemannian half conformally flat gradient Ricci almost soliton is locally conformally flat. Proof. Since we work at the local level, let p ∈ M and orient (M, g) on a neighbourhood of p so that it is self-dual. Now, since the Cotton tensor is a constant multiple of the divergence of the Weyl tensor: C(x, y, z) = −2(divW)(x, y, z), we use lemma 2.2 to express the self-duality condition W(e 1 , e i , x, y) = σ ijk j k W(e j , e k , x, y) of lemma 2.3-(i) applied to ∇f as τ {g(e i , ∇f )e 1 − g(e 1 , ∇f )e i } − {ρ(e i , ∇f )e 1 − ρ(e 1 , ∇f )e i + 3g(e i , ∇f )Ric(e 1 ) − 3g(e 1 , ∇f )Ric(e i )} = σ ijk j k (τ {g(e k , ∇f )e j − g(e j , ∇f )e k } − {ρ(e k , ∇f )e j − ρ(e j , ∇f )e k + 3g(e k , ∇f )Ric(e j ) − 3 g(e j , ∇f )Ric(e k )}), for i, j, k ∈ {2, 3, 4}.
Since the gradient Ricci almost soliton is non-isotropic, normalize ∇f to be unit and complete it to an orthonormal frame gives rise to
Now, put Z = E 1 in (3.2) to get ρ(E 1 , E i ) = 0, for all i ∈ {2, 3, 4}, which shows that ∇f is an eigenvector of the Ricci operator. Next, set Z = E j in (3.2) and use this fact to obtain
Hence the Ricci operator Ric diagonalizes on the basis {E 1 , . . . , E 4 } and, moreover, it has at most two distinct eigenvalues, one of multiplicity one corresponding to the eigenvector E 1 . Now, the Ricci almost soliton equation (1.1) shows that
and thus the level hypersurfaces of f are totally umbilical. Since the one-dimensional distribution span{E 1 } is totally geodesic one has that (M, g) decomposes locally as a twisted product I × ϕ N [35] . Since the Ricci tensor is diagonal (in particular ρ(E 1 , E i ) = 0) one has that the twisted product reduces to a warped product [36] . Finally, since I × ϕ N is self-dual, it is necessarily locally conformally flat and the fibre N is of constant sectional curvature [37] . 
From the first equation λ(t) = f (t) − 3 ϕ (t)/ϕ(t) and substituting in the second equation one gets:
Note that this is a linear ODE for the potential function f , so for any warped product I × ϕ N as above there exist globally defined solutions for f and thus one can construct, in general, gradient Ricci almost solitons with non-constant λ.
Locally conformally flat Riemannian gradient Ricci almost solitons were studied in [12] , whereas examples of gradient Ricci almost solitons on warped product manifolds of the form I × ϕ N, where (N, g N ) is Einstein have been constructed in [8, example 2.5].
(b) Isotropic case
In contrast with the non-isotropic case, the level hypersurfaces of the potential function are now degenerate hypersurfaces. Proof. We firstly determine the structure of the Ricci operator. Since ∇f = 0 but g(∇f , ∇f ) = 0, complete it to a local pseudo-orthonormal frame B = {∇f , U, V, W}, i.e. the only non-zero components of g are g(∇f , V) = g(U, W) = 1. Since g(∇f , ∇f ) = 0, one has that 0 = ∇ X g(∇f , ∇f ) = 2g(∇ X ∇f , ∇f ) = 2g(∇ ∇f ∇f , X), and thus hes f (∇f ) = 0, where hes f is the Hessian operator defined by g(hes f (X), Y) = Hes f (X, Y). Hence, it follows from the almost soliton equation (1.1) that ∇f is an eigenvector of the Ricci operator: Ric(∇f ) = λ∇f . Now we use the self-duality characterization given in lemma 2.3-(ii), which with respect to the pseudo-orthonormal frame above reads as
for any vector fields X and Y. Setting Y = ∇f in the first equation above and using lemma 2.2 together with Ric(∇f ) = λ∇f one has
for any vector field X. Hence τ = 4λ. Now, setting Y = ∇f in the third equation above:
for all X. This shows that U is also an eigenvector of the Ricci operator associated to the eigenvalue λ: Ric(U) = λU. Finally, setting X = V in the second equation above: W(∇f , W, X, Y) = 0, and using lemma 2.2 again, one has
In summary, the Ricci operator expresses in the basis B = {∇f , U, V, W} as
where α and β are functions on M. Now set D = span{∇f , U}, which is a two-dimensional null distribution. We already showed that g(∇ X ∇f , ∇f ) = 0. Moreover, a similar argument using that g(U, U) = 0 gives g(∇ X U, U) = 0, for all X. On the other hand, since Ric(U) = λU, it follows from equation (1.1) that hes f (U) = 0. Now g(U, ∇f ) = 0 shows that g(∇ X U, ∇f ) = −g(U, ∇ X ∇f ) = −Hes f (U, X) = 0, for all X. Hence, since D ⊥ = D and g(∇ X ∇f , ∇f ) = 0, g(∇ X U, U) = 0, g(∇ X U, ∇f ) = 0 and g(U, ∇ X ∇f ) = 0, we have that ∇D ⊂ D and (M, g) is locally a Walker manifold.
The choice of orientation did not play any role in our previous discussion. However, for a Walker manifold the orientation is induced by the orientation of the null two-dimensional distribution D. The next two lemmas show that the self-dual and the anti-self-dual conditions are not interchangeable in this context. (M, g, f ) is an anti-self-dual isotropic gradient Ricci almost soliton then (M, g, f ) is a steady gradient Ricci soliton.
Proof. It was observed in [39] that if the self-dual Weyl curvature W + of a Walker manifold vanishes, then the scalar curvature is identically zero, and hence lemma 3.3 shows that λ = 0. surface (Σ, D) equipped with a modified Riemannian extension of the form g D,Φ,T,Id = ιT • ιId + g D + π * Φ. Moreover:
The potential function satisfies f = π * f for some smooth functionf on Σ and f is related with the soliton function by λ = 3 2 Ce −f for a constant C. (ii) The (1, 1)-tensor field T is given by T = Ce −f Id and the (0, 2) symmetric tensor field Φ is given
Proof. It was shown in [34] that a four-dimensional Walker manifold is self-dual if and only if it is locally isometric to the cotangent bundle T * Σ of an affine surface (Σ, D), with metric tensor
where X, T, D and Φ are a vector field, a (1, 1)-tensor field, a torsion-free affine connection and a symmetric (0, 2)-tensor field on Σ, respectively. Now a direct calculation of the almost soliton equation (1.1) gives
which shows that the potential function f of any gradient Ricci almost soliton must be of the form f = ιξ + π * f for some vector field ξ on Σ and some smooth functionf on Σ.
We firstly show that no gradient Ricci almost soliton may exist if the vector field X in (3.3) does not vanish. Assume X = 0 at some point p ∈ Σ and specialize local coordinates on Σ so that X = ∂ x 1 . Let T = T j i dx i ⊗ ∂ x j and ξ = ξ l ∂ x l be the local expressions of the tensor field T and the vector field ξ . Then a straightforward calculation using that λ = 1 4 τ shows that (Hes f + ρ − 1 4 τ g)(∂ x 1 , ∂ x 1 ) = 1 4 {2(T 1 1 − T 2 2 + 2(x 1 + ∂ x 1 ξ 1 ) − 2ξ 1 (3x 2 1 + 2x 1 T 1 1 + x 2 T 2 1 − 2 D Γ 1 11 ) + ξ 2 (4x 1 x 2 + 2x 1 T 1 2 + x 2 (T 1 1 + T 2 2 ) − 4 D Γ 1 12 )}, where D Γ k ij are the Christoffel symbols of the affine connection D. This is a polynomial in the variables x 1 , x 2 , so all coefficients must vanish and one has that ξ = 0. The previous expression reduces to (Hes f + ρ − 1 4 τ g)(∂ x 1 , ∂ x 1 ) = x 1 + 1 2 (T 1 1 − T 2 2 ).
Since the above expression is not identically zero, we conclude that there do not exist gradient Ricci almost solitons if X does not vanish. Hence any self-dual metric (3.3) reduces to g D,Φ,T,Id = ιT • ιId + g D + π * Φ, (3.5) for some (1, 1)-tensor field T, an affine connection D and a symmetric (0, 2)-tensor field Φ on Σ. Moreover, equation (3.4) shows that the potential function of any Ricci almost soliton must be of the form f = ιξ + π * f for some vector field ξ on Σ andf ∈ C ∞ (Σ). In order to show that the potential function f is the pull-back of a smooth functionf on Σ, assume the vector field ξ = 0 at some point p ∈ Σ. Let (x 1 , x 2 ) be adapted local coordinates so that ξ = ∂ x 1 and hence f = x 1 + π * f . Computing again expressions of the almost soliton equation one has (Hes f + ρ − 1 4 τ g)(∂ x 1 , ∂ x 1 ) = 1 2 {(1 − 2x 1 )T 1 1 − x 2 T 2 1 − T 2 2 } + D Γ 1 11 , (Hes f + ρ − 1 4 τ g)(∂ x 2 , ∂ x 2 ) = 1 2 {(4 − 2x 1 )T 2 2 − x 2 T 2 1 − (1 + x 1 )T 1 1 } + D Γ 2 12 , it follows that T 1 1 = T 2 1 = T 2 2 = 0. Since the scalar curvature of any metric given by (3.5) satisfies τ = 3(T 1 1 + T 2 2 ) = 3tr{T}, one has that τ = 0 and thus λ = 0, which shows that (M, g, f ) is a steady gradient Ricci soliton. These were studied in [40] .
